The growing demand in indoor small cell networks has given rise to the concept of micro-operators (MOs) for local service delivery. We model and analyze a spectrum sharing system involving such MOs where a buyer MO buys multiple licensed subbands provided by the regulator. All small cell base stations (SBSs) owned by a buyer MO can utilize multiple licensed subbands. Once the buyer MO obtain subbands, it allows other MOs to share these subbands. A deterministic model in which the location of the SBSs are known can lead to unwieldy problem formulation, when the number of SBSs is large. As such, we adopt a stochastic geometric model of the SBS deployment instead of a deterministic model. Assuming that the locations of the SBSs can be modeled as a homogeneous Poisson point process, we find the downlink signal-to-interference-plus-noise ratio (SINR) coverage probability and average data rate for a typical user (UE) served by the buyer MO in a spectrum sharing environment. In order to satisfy the QoS constraint, we provide a greedy algorithm to find how many licensed subbands and which subband the buyer MO should purchase from the regulator. We also derive the coverage probability of the buyer MO for interference limited system.
model the spatial characteristics of the base stations (BSs) belonging to multiple MNOs was empirically studied, using the data from field surveys in Ireland, Poland, and UK. The authors concluded that the log-Gaussian Cox process is the best fit for the deployment patterns of the BSs. In [9] , the authors considered a single buyer-multiple seller BS infrastructure market as a Cournot oligopoly market. They modeled the locations of the base stations as a homogeneous Poisson point process and obtained the downlink signal-to-interference-plusnoise ratio (SINR) coverage probability for a user served by the buyer MNO in an infrastructure sharing environment. In [10] , the authors pointed out that since the high volume of traffic densities comes from indoor environment -such as hospitals, campuses, shopping malls, sport arenas,-the traditional macro cellular networks become insufficient when the building penetration losses limit the indoor connectivity. Hence, in the future, the business model, which is dominated by the MNOs, will become inadequate and various services cannot develop unless the wireless systems can respond rapidly to the specific local traffic requirements.
One possible paradigm to address the above issue is to use the concept of micro operator (MO) to serve the specific local connectivity [11] . The authors identified the business model for the new MO concept. In [10] , the MO concept with the relation between MO to other stakeholders was proposed. Also the new spectrum regulation for MO network was provided.
In this paper, we consider the scenario where one MO buys multiple licensed subbands from the regulator. In the spectrum sharing deployment, all the SBSs of the buyer MO can utilize multiple subbands. Also, an MO that has low activity of user 978-1-5386-3873-6/17/$31.00 c 2017 IEEE equipments (UEs) is allowed to rent the subbands of an MO. As such, for downlink transmission, each typical UE of the buyer MO experiences interference from the SBSs belonging to the other MO who is occupying that particular subband. We use results from stochastic geometric analysis of largescale cellular networks to evaluate SINR outage probability and the average data rate for such a spectrum sharing system. In order to satisfy the QoS constraint in terms of coverage and the minimum required rate, we provide a greedy algorithm to find how many licensed subbands and which subbands the buyer MO has to purchase from the regulator. Then, in the simulation results, we show that spectrum sharing for MO network is beneficial for both coverage as well as average data rate.
II. SYSTEM MODEL, ASSUMPTIONS, AND QOS

A. System Model and Assumptions
Consider a system with the set of licensed spectrum subband L = {L 1 , . . . , L J } owned by the regulator. The licensed subbands are assumed to be orthogonal. We consider a system with K + 1 micro-operators (MOs) given by the set K = {0, 1, . . . , K}. Let MO-0 denotes the buyer who wants to buy the multiple licensed subbands from the regulator and MO-k, where k ∈ K\{0}, be the other MOs that are occupying the subband L j , where L j ∈ L. We assume that each MO-k, where k ∈ K\{0}, has low level of UEs' activity. Let the set of small cell base stations (SBSs) owned by the MO-k be given by F k , where k ∈ K. Each of the SBSs and UEs is assumed to be equipped with a single antenna; and a UE can operates only on a single subband. The maximum transmit power of each SBS is p max . A UE subscribing to an MO associates to the nearest SBS. The SBSs owned by different MOs are spatially distributed according to homogeneous Poisson point processes (PPPs). Let the spatial intensity of SBSs per unit area of MO-k be denoted by λ k , where k ∈ K.
Consider the scenario where the buyer MO-0 buys multiple subbands from the regulator, and allows the other MO-k, where k ∈ K\{0}, that have a low user activity, to use its purchased subband. For spectrum sharing among multiple MOs, we assume that the following statements hold: Assumption 1. The MO-0 serves each UE of MO-0 itself using its own infrastructure while buying the licensed spectrum from the regulator. The typical UE of MO-0 associates with the nearest SBS in the set F 0 owned by the MO-0. Since each SBS can utilize multiple subbands, this implies that in each subband L j ∈ L, the net intensity of SBSs that a typical UE of MO-0 can associate itself with is
Assumption 2. When the SBSs of MO-0 use the subband L j ∈ L, MO-0 allows at most one k-th MO, where k ∈ K\{0}, to use the same subband simultaneously. Also, each SBS of MO-0 is assumed to use multiple subbands. As for the downlink transmission from one SBS to each typical UE, each UE will receive transmissions from a single subband (channel) at the same time. In each subband L j , the typical UE of MO-0 will experience interference from SBSs F 0 \{0} of MO-0 and F k of MO-k, where k ∈ K\{0}. When all the SBSs of MO-0 use the licensed subband L j ∈ L, we have the intensity of interfering SBSs in each subband L j as
Here 0 ≤ ν k ≤ 1 denotes the level of UEs' activity of MO-k in the subband L k . Fig. 1 . The MO-0 buys only spectrum while using its own infrastructure. Fig. 1 illustrates the scenario where the MO-0 buys spectrum from the regulator. At the same time, there is another MO-k, where k ∈ K\{0}, which uses the same subband. In each subband L j , where L j ∈ L, MO-0 allows at most one MO-k to utilize the same subband. In this figure, MO-0 buys subbands L 1 and L 3 to serve its UE-3 which is associated with SBS-2. Since the SBSs of MO-0 can use multiple subbands (according to Assumption 2), in this figure, we assume that SBS-2 of MO-0 uses all three subbands L 1 , L 2 , and L 3 to serve its UEs.
We see that in the subband L 1 , the transmit signal from the SBS-1 of MO-1 creates interference to the typical UE-3 of MO-0. Similarly, in subbands L 2 and L 3 , the transmit signal from the SBS-1 of MO-2 and the transmit signal from the SBS-2 of MO-3 cause the interference to the typical UE-3 and the typical UE-1 of the MO-0, respectively.
B. SINR Coverage and Average Rate
Without loss of generality, we assume a typical UE of MO-0 located at the origin and associates with the nearest SBS of MO-0 from the set given by F 0 . For the typical UE of MO-0, we will denote the nearest SBS from F 0 as SBS-0.
We assume that the message signal undergoes Rayleigh fading with the channel power gain given by g 0 . Let α > 2 denote the path-loss exponent for the path-loss model r −α 0 , where r 0 is the distance between the typical UE and SBS-0. Let σ 2 denote the noise variance, and p denote the transmit power of all the SBSs in MO-0, including SBS-0. The downlink SINR at the typical UE of MO-0 is
where I is the interference experienced by a typical UE from the SBSs that operate on the spectrum L j where L j ∈ L. These are the SBSs that belong to MO-k, where k ∈ K\{0} and MO-0. Thus, the interference I =
Here g i is the co-channel gain between the typical UE and interfering SBS-i, and r i is the distance between the typical UE and the interfering SBS-i,
For a given threshold T , if SINR < T the UE is said to experience an outage (i.e., outage probability P out (T ) = Pr(SINR < T ). Likewise, if SINR > T , then the UE is said to have coverage (i.e., coverage probability, P c (T ) = 1 − P out (T ) = Pr(SINR ≥ T ). Given the SINR coverage probability, using the fact that E[R] = ∞ 0 P (R ≥ t)dt, the average downlink transmission rate for a typical UE can be computed as
where the units are in bps/Hz. We consider both the SINR coverage probability and a minimum average rate as the QoS metrics for a typical user.
III. ANALYSIS OF SINR COVERAGE PROBABILITY
A. SINR Coverage Probability When Typical UE of MO-0 Uses a Single Band
Following to [12, Theorem 1] , conditioning on the nearest BS at the distance r from a typical UE, the coverage probability averaged over the plane is
where the probability density function (PDF) of r can be obtained as [12] , f r (r) = e −πλr 2 2πλrdr. Using the fact that the distribution of the channel gain follows an exponential distribution, a formula for a coverage probability of the typical UE when the BSs are distributed according to a homogeneous PPP of intensity λ is derived in [12, Eqn.2] . By observation, we can express the coverage probability in the most general form in terms of three components which are noise, interference and user association while each BS employs a constant power p = 1/µ as follows:
where λ I is the BS intensity causes interference to a typical UE, the UE associates with the closest BS (where the BS intensity is λ A ), the path-loss exponent is denoted as α, and β is given by
in which Γ(z, a) = ∞ z x a−1 e −x dx is the upper incomplete Gamma function and Γ(z) is the Gamma function.
In particular, the general expression of the coverage probability in (6) can be expressed as [12, Theorem 1]
where A = π[(λ I (β − 1)) + λ A ] and B = T σ 2 p . When the interfering links undergo Rayleigh fading, β = 1 + ρ(T, α), where
For this special case, we see that β is independent of transmit power. Except for α = 4, the integral for P c cannot be evaluated in closed form. Nevertheless, a simple closed-form approximation for the general case, where α > 2, and where both noise and intra-operator interference are present, can be given as [13, Eqn.4 ]
B. SINR Coverage Probability Under Spectrum Sharing
In our spectrum sharing model, the regulator sells the licensed subband to the MO-0 while some of the SBSs of the MO-k, where k ∈ K\{0}, are using the same subband. Also, we consider that all SBSs of MO-0 are using |L| licensed subbands (where |L| denotes the cardinality of a set L) at the same time. Due to the fact that MO-0 buys only spectrum, the UEs of MO-0 always associates to the SBS-0, where {0} ∈ F 0 . For our system, since the SBSs of MO-0 utilize multiple subbands at the same time, we have to modify the formulas (6) and (8) and show that a more general coverage formula is given as follows:
Under Assumption 1 and Assumption 2, the coverage probability of a typical UE of MO-0 is
where P c (L j ) denotes the coverage probability of the UE of MO-0 using band L j and P r(L j ) is the probability of the typical UE of MO-0 using band L j .
Proof: Using total probability theorem. Let us consider the case when λ I (L j ) = λ 0 (L j )+ν k λ k (L j ) and ν k = 1. In other words, all SBSs F 0 of MO-0 use the licensed band; and in each subband L j , there is an MO-k with has low activity UEs occupying that band. We can denote ν k = 1 in (2). The intensity of interfering SBSs in the band L j is thus λ I (L k ) = λ 0 (L j ) + λ k (L j ), where k ∈ K\{0}.
Proposition 2.
Under Assumption 1 and Assumption 2, the coverage probability of a typical UE of MNO-0 using the band L j , where L j ∈ L, is given by
where A 1 = π((λ 0 (L j ) + λ k (L j ))β − λ k (L j )), and by Assumption 1, we can assume λ A = λ 0 (L j ). Also, β and B are given by (7) and (8), respectively. Then, we can approximate P c (L j ) in (12) using (10) as
Furthermore, if we can assume Pr(L j ) = 1/|L|, where L j ∈ L. Hence, we obtain P c as
Proof: We obtain P c (L j ) in (12) by using the expression in (8) . Approximating (12) by using (10), we obtain (13) where B and β are the same as (8) . Lastly, we can express P c by substituting P c (L j ) in (11) while assuming Pr(L j ) = 1/|L| to obtain (14) .
Next, we consider the scenario when the system becomes "interference-limited", which occurs when σ 2 → 0.
Proposition 3. The coverage probability for interferencelimited case when the MO-0 using the subband L j , where L j ∈ L, can be expressed as
in which, the λ k (L j ) and λ 0 (L j ) are the SBS intensity of MO-k and MO-0 using the band L j , respectively.
Proof: For interference-limited case, B → 0 in (14) . Thus, we can neglect the term α 
IV. AMOUNT OF SPECTRUM BANDS REQUIRED TO SATISFY THE QOS
The expected rate can be derived using the closed form approximation of coverage probability from (10) with the extra assumption that channels undergo is Rayleigh fading. In this case, β = 1 + ρ(T , α), given in (9), withT = 2 T − 1. In general, the expected rate E[R j ] for a single subband L j is given by
where Γ(z), and 2 F 1 (a, b, c, z) are the Gamma function, and the Hypergeometric function, respectively. The average rate in (16) is valid for any real values of α > 2 and can be evaluated by numerical integration techniques.
Proposition 4. Let an SBS of MO-0 use multiple subbands L, while in each subband L j ∈ L, there is an MO-k, where k ∈ K\{0}, with has low activity UE using the same subband. Then, the total expected downlink data rate of the SBS is
dT .
(17)
Proof: We first substitute P c from (14) into (4) for a single subband. Following Assumption 1 and Assumption 2, when MO-0 uses the band L j to serve its UE, we have λ A = λ 0 (L j ) and λ I = λ 0 (L j ) + λ k (L j ) in (16). Summing over all the subbands, we obtain the result in (17).
Let us further assume that the MO-0 wants to ensure that the coverage probability of a typical UE satisfies the QoS constrain
where 0 < < 1 is some arbitrary value.
In order to satisfy the QoS constraint in (18), the buyer MO-0 will select the number of licensed subbands needed, at minimum cost, such that it can serve its UEs guaranteeing some QoS. Let N = l∈L N l denote the minimum number of licensed subbands needed for the MO-0 to satisfy (18). Let the minimum rate requirement needed at each SBS of the buyer MO-0 be denoted by R min . For the minimum rate to be feasible, the minimum number of licensed subbands by an SBS must satisfy
Let E[R] denote the expected rate at the UE of MO-0 obtained from (16). For MO-0, the maximum number of bands required in order to satisfy both SINR coverage and the minimum rate required at it's typical UE is
where M = l∈L M l is the number of licensed subbands needed to satisfy the rate constraint.
Due to the fact that there is a cost associated with each subband, which we denote as q L k , we have to find which subband and how many of them the MO-0 will buy from the regulator to satisfy these QoS. We will now propose a simple greedy algorithm [14, Chap 17.1] for this task. The greedy algorithm is provided in Algorithm 1. The idea behind this greedy algorithm is as follows: We first sort the licensed subbands L j ∈ L according to the cost per subband q Lj in an ascending order. After using the greedy algorithm, we obtain L max number of licensed subbands in order to satisfy both of the coverage QoS and the minimum rate needed at the SBS. Algorithm 1 Greedy Algorithm 1: Sort the subbands by q Lj in ascending order such that q π1 ≤ q π2 · · · ≤ q π L J 2: for i = 1 to L J do Compute L max = max{N, M }. 12: end for 13: Compute P c using (14) with L = L max . 14: Compute E[R] using (16) with L = L max .
V. NUMERICAL RESULTS
We assume that the SBSs are spatially distributed according to homogeneous PPP inside a circular area of 500 meter radius for all K + 1 MOs. The MOs are assumed to have the same intensity of SBSs per unit area. The maximum transmit power of each SBS is p max = 10 dBm. The path-loss exponent is α = 4, and noise power σ 2 = −150 dBm. Each SBS from all MOs transmits at the maximum power. The coverage probability is obtained from (14) and the average data rate is plotted accordingly. We illustrate the simulation results for the case when the buyer MO-0 purchases multiple licensed subbands while assuming that the cost of each subband is equal. In Fig. 2 and Fig. 3 , the simulation parameters are as follows: the SINR threshold at each typical UE of MO-0 is set to T = 10 dB. We consider when the regulator sells two licensed subbands and each subband has one MO-k, where k ∈ K\{0} is occupying the subband. The MO-0 is using its own infrastructure to serve its UE. We consider the cases when the MO-0 buys two licensed subband, it means that each SBS of MO-0 utilizes two licensed spectrum at the same time. Fig. 2 plots the coverage probability when the average number of SBSs of MO-0 per unit area π × 500 2 is increased. When average number of SBSs of MO-0 increases, the coverage probability of MO-0 is also increased. By increasing the SBSs intensity of the MO-k, where k ∈ K\{0} in each subband L k , we see that the coverage probability of MO-0 decreases. This is not surprising since the SBS intensity of MO-k in which k ∈ K\{0} causes interference in each band L k . In Fig. 3 , the average data rate of MO-0 is shown. When the average number of SBSs of MO-0 increases, the average data rate of MO-0 is increased. We also show when the average number of SBS of MO-0 is very high such that it tends to infinity, the average data rate tends to saturate at one value. Also when the SBS intensity of MO-k, where k ∈ K\{0} increases, the average data rate decreases. In Fig. 4 and Fig. 5 , we illustrate the coverage probability and the average rate of MO-0 when the increasing of SINR threshold (T ) at each UE of MO-0. The SBS intensity of MO-0 is set to λ 0 = 10/(π * 500 2 ). We see that when T increases, the SINR coverage probability of MO-0 decreases. We also consider when the MO-0 buys two, four and six licensed bands. In Fig. 4 , we see that when the number of licensed subbands increases, the coverage probability also increases. Although for the case of the MO-0 buys six licensed subbands with high SBSs intensity of MO-k, the coverage of MO-0 still increases. In Fig. 5 , we see that the average data rate remains constant when the SINR threshold increases. This is because, we first calculate the coverage probability for each threshold (T ). Then, integrate the coverage probability P c with respect to the threshold, the expression of the average data rate becomes (17). As such, the average data rate remains constant with the changing of T . However, the average data rate increases significantly when MO-0 buys more bands.
B. Effect of Changing the SINR Threshold
VI. CONCLUSION
We have studied the problem of spectrum sharing among multiple micro-operators (MOs) using stochastic geometry, where the buyer MO buys multiple subbands from a regulator. Also, the buyer MO allows other MOs to utilize the same subband. We have first analyzed the downlink coverage probability for a typical user served by a buyer MO, and subsequently, we have derived the average data rate. Both the SINR coverage and a minimum rate requirement are considered as the QoS metrics. In order to satisfy the QoS constraints of the typical user served by the buyer MO, we have provided a greedy algorithm to find how many subbands and which subbands for the buyer MO to purchase from the regulator. Both the coverage and the average data rate of the buyer MO increase when the buyer MO buys more licensed subbands. However, when the average number of SBS per unit area of the buyer MO increases and approaches infinity, the average data rate for a typical user served by the buyer MO saturates to a single value.
